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The effect of space charge on the flow of charged particles between two parallel electrodes in vacuum is of great importance in microwave electronics, crossed-field devices, and high-power diodes. In particular, if too much charge is injected into a gap, the resulting electric field becomes sufficiently high to reflect the injected particles back to the emitter, forming a virtual cathode. Limiting currents of vacuum diodes are classical subjects with early works dating back to the beginning of the last century when onedimensional space-charge-limited flow solutions were derived. Only for simple cases, however, such as plane parallel plates, infinitely long coaxial cylinders, and concentric sphere there exist analytical solutions. 1 For a planar gap with gap separation D and gap voltage V, the maximum electron current density in a space-charge-limited diode is given by the well-known Child-Langmuir law,
where e and m are, respectively, the charge and the mass of the emitted particles, and ⑀ 0 is the free space permittivity. Equation ͑1͒ is derived by assuming zero electron emission velocity and neglecting relativistic effects. Later an analytical solution for limiting current of relativistic electron flow in the planar diode was found, 3 but with the generalization of Child-Langmuir law in two dimensions still remaining a formidable task analytically. So an alternative approach was adopted, namely, the use of particle-in-cell ͑PIC͒ computer simulation to investigate two-dimensional space-chargelimited flow in a planar diode. 4, 5 About works on cylindrical diodes, particle simulation method was successfully applied for studying the stability of divergent and convergent electron flows in 1D cylindrical Pierce diode. 6 Also numerical experiments were performed to examine electrical properties of charged-particle flows in high-power cylindrical pinchedbeam diode over a wide range of voltages.
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The electron flow between coaxial cylinders is another important topic on beam formation theory, which has laid the basis of many useful gun designs. High-power cylindrical diodes have also found application in cylindrical vircators 8 and in high-resolution radiography sources. 9 Again, as for the planar diode, the specialized literature proposes no analytical solutions for the space-charge-limited current in cylindrical diodes, but in the idealized case of 1D rectilinear flow between long coaxial cylinders. The solution was given by Langmuir and Blodgett 10 in terms of an infinite series to calculate the relevant flow parameters. The space-chargelimited electron current per unit length J 1D at some radial position r between two infinitely long coaxial cylinders is
where V is the potential at a given point, and ␤ϭ f (r/r c ) is a function expressed by the infinite series, Here r c denotes the radius of the emitting electrode. The values of ␤ 2 as a function of r/r c for a cylindrical diode were calculated with precision on the order of 1% and displayed in table 10 and graphical 7 formats. In the present paper we deal with 2D PIC computer simulation of space-charge-limited current in cylindrical diodes by investigating how Lagmuir-Blodgett law is modified when electrons are emitted only from a finite band over the cathode. The simulation results reported here contribute to enhance our understanding of the operation of a cylindrical diode with a finite emitting band working at a lowvoltage, low-current regime.
Unlike in the planar diode, the electron current between coaxial cylinders depends on the polarity of the electrodes, a͒ Also at the Department of General Physics, Sofia University, 5, J. Bourchier Blvd., Sofia-1164, Bulgaria.
PHYSICS OF PLASMAS VOLUME 9, NUMBER 3 MARCH 2002 i.e., on the direction of the electron flow. Electrons are emitted from the negative cathode and collected at the anode, which is usually grounded. If the internal electrode of a cylindrical diode serves as cathode while the external cylinder is grounded, the electron flow goes radially outward ͑diver-gent flow͒. In the opposite case-anode inside the cathodethe electrons move inward and the electron flow is convergent. At the same accelerating voltage, both kinds of electron flow in cylindrical diodes carry currents of different intensities, which in the one-dimensional limit ͑when the length of coaxial electrodes significantly exceeds their radius͒ can be calculated using formula ͑2͒ together with tabulated values of ␤ 2 .
To simulate two-dimensional space-charge-limited electron flow in cylindrical diode we used the PIC computer code KARAT. 11 Numerical simulations proceeded in the electrostatic mode ͑the beam self-magnetic field is ignored͒ by using a mesh size of 0.1 mm in radial direction and 0.2 mm in the axial direction with a time step of 0.33 ps. The simulation region consists of two 10-cm long, open-ended coaxial cylinders with radii r and R. Here r denotes the radius of the internal cylinder and R defines the radius of the external electrode. Both parameters r and R as well as the electrode polarity were varied in the simulation. The cathode is biased at a negative voltage of 1 kV while the anode is grounded. The electrons are emitted from a finite band of length L (L р5 cm) centered at the cathode midsection, as illustrated in Fig. 1 .
Currently there exist three different techniques for modeling space-charge-limited ͑SCL͒ emission that give quite similar results for the total SCL current in a planar diode. 5 For the purpose of our simulation we use the so-called overinjection method. The emission current in this model is set uniform over the emitter and made to increase linearly in time from zero to its nominal value for 1 ns after that it is kept constant during the simulation. The electrons are emitted at the initial energy of 0.1 eV. If the injected current exceeds the true limiting current of the diode a virtual cathode will form. The method of overinjection requires a series of simulation in order to find the greatest value of the injection current that does not lead to the formation of a virtual cathode. Although the overinjection method has some disadvantages-in that on the assumption of spatially uniform electron emission it misses the spikes in the current density at the beam edges, as is shown for a planar diode 5 -this method provides useful estimates and can be easily applied for cylindrical geometry.
For each particular diode configuration ͑selected r, R, and electrode polarity͒ the simulation starts by specifying the emitting band L and a low injected current I. Then the value of current is gradually increased until a virtual cathode is formed. It is located near the cathode surface in the center of the emitting band where the potential depression created by the space charge has a maximal value. The electric field at this point reverses direction reflecting the emitted electrons back to the emitter. The simulation proceeds by successively lowering the injected current until no electron reflection occurs ͑this is detected by the lack of reflected particles at the cathode͒. This value of I/L-the maximal injected current per unit length without formation of a virtual cathode-is taken to be the 2D limiting current per unit length, J 2D , of the cylindrical diode. The results for two diode configurations ͑rϭ0.1 cm, Rϭ1.0 cm and rϭ0.5 cm and Rϭ1.5 cm͒ are shown in Fig. 2 where the injected current per unit length is plotted as a function of the dimensionless variable L/R. The diode critical currents for convergent and divergent electron flows monotonically increase with decreasing emission length L. The straight dashed lines on the right side of Fig. 2 represent the classical 1D space-charge-limited currents per unit length. One can see that for both the diodes presented the 2D limiting currents from the simulation closely approach the 1D theoretical limit given by ͑2͒ as L/Rу5. This result is confirmed for a variety of diode configurations and nonrelativistic gap voltages.
To summarize the numerical data obtained for different diode configurations, the space-charge-limited currents obtained by the simulation are normalized to the corresponding 1D classical limiting currents and the result versus L/R is plotted in Fig. 3 . This clearly demonstrates that for all parameters used the normalized current exhibits a general behavior, in principle, similar to that of the 2D planar diode. 4, 5 The normalized space-charge-limited current density is a monotonically decreasing function of L/R, recovering the classical 1D limiting current as L/Rу5. For both aspect ratios, i.e., R/rϭ3 and R/rϭ10, and over the simulated range 0.2ϽL/RϽ5 the normalized numerical data for 2D spacecharge-limited current may be fitted empirically by a function of the single variable L/R,
to within 2.5% for all simulation data. Since J 1D , via the parameter ␤ 2 , is a function of R/r ͓see Eq. ͑2͔͒, one could expect that the 2D space-chargelimited current in cylindrical geometry will be a function of two parameters-the normalized emitter length L/R and diode aspect ratio R/r. However, as Fig. 3 shows over the simulation range R/r from 3 to 10, the numerical data can be well empirically fitted by a function of only one variable L/R. This result can be understood if we look at the values of ␤ 2 , which for R/rϾ3 rapidly approach its asymptotic value. 1, 7 However, for smaller ratios (R/rϽ3) the behavior of ␤ 2 drastically changes as it quickly decreases to zero and the fitting ͑3͒ is no longer valid.
Further physical insight into 2-D features of the spacecharge-limited flow in the cylindrical diode is provided by the axial distribution of the current per unit length I/L. In the one-dimensional limit, the electron motion is considered to be rectilinear so the current density is uniform along the diode axis. However, in the case of a finite emitting band the beam expands in the transversal ͑to the field lines͒ direction due to the effect of space charge such that the current density distribution along the axis is no longer uniform. The total beam current that reaches the anode in this case is obtained after integrating the current distribution function. Figure 4 shows typical distribution functions of the space-chargelimited current per unit length I/L on the anode of cylindrical diodes with R/rϭ10 for both kinds of electron flow ͑di-vergent and convergent͒. Roughly, the distribution function has a trapezoidal shape with a maximal value that rises with increasing injected current until the 2D space-charge-limited current is reached.
While having a trapezoidal-like shape with rounded corners, the current profiles in Figs. 4 show a maximal value that closely matches the 1D classical current per unit length limit J 1D . We emphasize that our simulations have dealt with beams injected at zero initial velocity and accelerated through a magnetic-field-free gap; and on account of the beam spreading, the current density profiles are trapezoidallike with maximal value J 1D as allowed by one-dimensional theory. Were the beam immersed in a strong magnetic field, then the corresponding current density profile would approach a rectangular profile with maximal value exceeding the classical 1D value; the total collected current, however, would be virtually the same as that in the unconfined flow. This is equivalent to saying that the total current is virtually independent of the external magnetic field B, but the current density profile depends on and correlates with B. In addition, by further increasing the injected current from the maximal 2D value, a virtual cathode develops and the axial current density distribution on the anode abruptly changes its shape. Indicative of virtual cathode formation at the center of the cathode, an indentation appears in the middle of such a current distribution, with amplitude less than the 1D classical limit J 1D .
In summary, the one-dimensional Langmuir-Blodgett formula for the current limited by space charge between coaxial cylinders is generalized to two dimensions via particle simulation based on the overinjection method. The limiting current of the cylindrical diode is found to be a monotonically decreasing function of L/R. This function is examined over a broad range of diode parameters and for convergent and divergent electron flows. The detailed investigation of the beam current per unit length collected at the anode demonstrates that maximal values of the distribution functions are those predicted by the 1D classical limit.
